Abstract. It is well-known that the space of derivations of n-dimensional evolution algebras with non-singular matrices is zero. On the other hand, the space of derivations of evolution algebras with matrices of rank n − 1 has also been completely described in the literature. In this work we provide a complete description of the space of derivations of evolution algebras associated to graphs, depending on the twin partition of the graph. For graphs without twin classes with at least three elements we prove that the space of derivations of the associated evolution algebra is zero. Moreover, we describe the spaces of derivations for evolution algebras associated to the remaining families of finite graphs. It is worth pointing out that our analysis includes examples of finite dimensional evolution algebras with matrices of any rank.
Introduction
The Theory of Evolution Algebras is a current and active field of research with many applications and connections to other areas of mathematics. These algebras are non-associative algebras and form a special class of genetic algebras. We refer the reader to [4, 5, 9, 15, 20] and references therein for an overview of recent results. An n-dimensional evolution algebra is defined as follows. Definition 1.1. Let A := (A, · ) be an algebra over a field K. We say that A is an evolution algebra if it admits a finite basis S := {e 1 , . . . , e n }, such that e i · e i = k∈S c ik e k , for i ∈ {1, . . . , n}, e i · e j = 0, for i, j ∈ {1, . . . , n} such that i = j.
A basis S satysfying (1) is called natural basis of A. The scalars c ik ∈ K are called the structure constants of A relative to S and (c ik ) is called the matrix of A relative to S. The first and best general reference of a Theory of Evolution Algebras is the book of Tian [18] , were the author states the first properties for these structures as well as an interesting correspondence between this subject and Probability Theory; more precisely, with the Theory of Markov Chains.
In this work we are interested in the problem of characterizing the space of derivations of a given evolution algebra. The advantage of describing this space lies in the fact that it induces a Lie algebra which may be used as a tool for studying the structure of the original algebra, see [12] and the references given there for a deeper discussion of this subject in genetic algebras. A derivation is defined, as usual, as follows. The space of all the derivations of an algebra has already been completely described for some genetic algebras, see [7, 8, 10, 11, 12, 17, 20] . For the case of an evolution algebra, a complete characterization of such space is still an open question. In [18] it is observed that a linear operator d such that d(e i ) = c jk d ij + c ik d ji = 0, for i, j, k ∈ {1, . . . , n} such that i = j,
Therefore, Equations (2) and (3) are the starting point whether one want to obtain a description of the space of derivations for a particular evolution algebra A. As far as we known, the only almost-general result regarding the space of derivations of a finite dimensional evolution algebra is obtained by [20] . In that work the authors prove that the space of derivations of n-dimensional evolution algebras with non-singular matrices is zero, and they describe the space of derivations of evolution algebras with matrices of rank n − 1.
The aim of this paper is twofold. On the one hand, we give a complete characterization of the space of derivations in a special family of n-dimensional evolution algebras, i.e. the ones associated to finite graphs. Furthermore, our results cover examples of evolution algebras with matrices of rank k, where k ∈ {2, . . . , n}. On the other hand, we continue in studying evolution algebras associated to graphs, a subject which was initiated by [16, 18] , and considered more recently by [3, 4] . We shall see that the twin partition of the given graph is crucial for characterizing the space of derivations of its respective evolution algebra. We emphasize that this provides an alternative to the criteria developed by [20] , for the case of evolution algebras associated to graphs.
The paper is organized as follows. In Section 2 we review some of the standard notation on Graph Theory, and we state our main results. Section 3 is devoted to the proofs of these results.
Main results

Evolution algebra of a graph.
In order to present our results we start with some standard definitions and notation of Graph Theory. A finite graph G with n vertices is a pair (V, E) where V := {1, . . . , n} is the set of vertices and E := {(i, j) ∈ V × V : i ≤ j} is the set of edges. If (i, j) ∈ E or (j, i) ∈ E we say that i and j are neighbors, and we denote the set of neighbors of a vertex i by N (i). In general, given a subset U ⊂ V , we denote N (U ) := {j ∈ V : j ∈ N (i) for some i ∈ U }, and U c := {j ∈ V : j / ∈ U }. The degree of vertex i, denoted by deg(i), is the cardinality of the set N (i). The adjacency matrix A G = (a ij ) of G is an n × n symmetric matrix such that a ij = 1 if i ∈ N (j), and a ij = 0 otherwise. Note that, for any k ∈ V , N (k) := {ℓ ∈ V : a kℓ = 1}. We say that vertices i and j of a graph G are twins 1 if they have exactly the same set of neighbors, i.e. N (i) = N (j). We notice that by defining the relation ∼ t on the set of vertices V by i ∼ t j whether i and j are twins, then ∼ t is an equivalence relation. An equivalence class of the twin relation is referred to as a twin class. In other words, the twin class of a vertex i is the set {j ∈ V : i ∼ t j}. The set of all twin classes of G is denoted by Π(G) and it is referred to as the twin partition of G. A graph is twin-free if it has no twins. All the graphs we consider are connected, i.e. for any i, j ∈ V there exists a sequence of vertices i 0 , i 1 , i 2 , . . . , i n such that i 0 = i, i n = j and i k+1 ∈ N (i k ) for all k ∈ {0, 1, . . . , n − 1}. For simplicity, we consider only graphs which are simple, i.e. without multiple edges or loops.
The evolution algebra associated to a given graph G, and denoted by A(G), is defined by letting c ij = a ij for any i, j ∈ V , see [18, Section 6.1].
Definition 2.1. Let G = (V, E) be a graph with adjacency matrix given by A G = (a ij ). The evolution algebra associated to G is the algebra A(G) with natural basis S = {e i : i ∈ V }, and relations
1 For the sake of simplicity we use the nomenclature of twins but, since we consider graphs without loops, it coincides with the concept of non-adjacency twins, or false twins, depending of the reference.
We notice that another way of stating the relations for e i · e i in the previous definition is to say: Example 2.1. Let K a1,a2,...,am be a complete m-partite graph, with m ≥ 2, and partitions of sizes a 1 , a 2 , . . . , a m , where a i ≥ 1 for i ∈ {1, 2, . . . , m}. This is a graph for which the set of vertices is partitioned into m disjoint sets, with sizes a 1 , a 2 , . . . , a m , in such a way that there is no edge connecting two vertices in the same subset, and every possible edge that could connect vertices in different subsets is part of the graph, see Fig. 2 .1. The resulting evolution algebra associated to this graph, denoted by A(K a1,a2,...,am ), is given by the natural basis {e 1 , . . . , e a1+···+am } and relations:
The first definitions of evolution algebras associated to some families of graphs have been formalized by [15, 16] , were the authors also study properties related to these algebras. More recently, [3, 4] study the existence of isomorphisms between these algebras and the evolution algebras associated to the random walk on the same graph. This is a subject that has been remained as an open question since 2008, see [18, 19] for further details. We refer the reader to [9] for another reference related to the interplay between evolution algebras and graphs. In that work, the authors consider a digraph associated to any evolution algebra, which leads to new algebraic results on this class of algebras and are useful to provide new natural proofs of some known results.
2.2.
Space of derivations of the evolution algebra of a graph. Our aim is to characterize the space of derivations of an evolution algebra associated to a graph. In the rest of the paper we shall assume that G = (V, E) is a finite graph with n vertices and d ∈ Der(A(G)) is such that
for any i ∈ V. We shall consider graphs with at least three vertices since in other case d = 0 by a direct application of (2) and (3). Our description of Der(A(G)) will depends on the twin partition of G. More precisely, our characterization will depends on the set Γ 3 (G) ⊂ Π(G) formed by all twin classes of G with at least three vertices. We start with a necessary condition for d = 0.
Theorem 2.2. Let G = (V, E) be a finite graph, with |V | ≥ 3, and let d ∈ Der(A(G)). If
The previous result establishes a criterium to find evolution algebras associated to graphs for which the only derivation is the null map, see Fig. 2 .2 for an illustration of graphs with Γ 3 (G) = ∅. It is worth pointing out that, in the case of evolution algebras associated to graphs, it provides an alternative to the criteria obtained by [20] where the rank of the matrix of A(G) relative to S should be computed. As a sideline, as we shall see later, our criteria depends on the notion of twin vertices, which has been used in the literature for understanding combinatorial properties of graphs, see for instance [1, 6, 13] and references therein. Thus, our work also provides a new application of the twin partition of a graph. Example 2.2. Path graph P n . Consider the path graph with n vertices P n , see Fig. 2 .2(a), and denote its adjacency matrix by A Pn . Since P n is an example of a twin-free graph, if d ∈ Der(A(P n )) then by Theorem 2.2 we have d = 0. For the sake of comparison, let us show the same result by mean of the criteria obtained by [20] . It is known that det(A Pn ) = 0 if, and only, if n is even, see [2, Proposition 2.4]. So [20, Theorem 2.1] implies that d is zero whether n is even. Let us now assume n odd, where a straightforward calculation gives rank(A Pn ) = n − 1, and then the results in [20] apply. In this case, it is not difficult to see that we can write:
where
Therefore we can use Lemma 2.2 in [20] to conclude that d is zero for n odd too. We point out that whether n ≡ 1 (mod 4) it is possible to show that rank(A Wn ) = n − 2, so the results in [20] do not apply. We emphasize that Theorem 2.2 is enough to guarantee, also in this case, that Der(A(W n )) = {0}.
At this point one may ask: what we can say about Der(A(G)) for those graphs G such that Γ 3 (G) = ∅? The answer of this question is the spirit behind the following theorem, which provides a natural and intrinsic characterization of Der(A(G)) depending on the twin classes with at least three elements of G. 
where 0 denotes blocks of zeros,
is the a ℓ -dimensional upper triangular matrix, with a ℓ := |T ℓ | for ℓ ∈ {1, . . . , m}, given by
where s(i) := i−1 j=1 a j , for i ∈ {2, . . . , m} and s(1) := 0. Moreover, d satisfies the additional condition: for ℓ ∈ {1, . . . , m},
Example 2.4. Complete m-partite graphs. Let K a1,a2,...,am be a complete m-partite graph with n vertices, m ≥ 2, and a partition of vertices {V 1 , . . . , V m } with respective sizes a 1 , . . . , a m , where a i ≥ 3 for i ∈ {1, 2, . . . , m}. See Fig. 2 .1 for an illustration of this type of graph. Since m i=1 a i = n, we have that A(K a1,a2,...,am ) is an n-dimensional evolution algebra with rank equals to m. We can see this from the adjacency matrix of the graph, A Ka 1 ,a 2 ,...,am , which is given by
where 0 a×b (1 a×b ) denotes the matrix of size a × b and elements equal to 0 (equal to 1). The important point to note here is that although the criteria developed in [20] can not be applied whether m ≤ n − 2, Theorem 2.3 works. To see this, it is enough to notice that Γ 3 (K a1,a2,...,am ) = {V 1 , . . . , V m }, i.e., each subset of the partition of the graph is a twin class as well. Therefore, if d ∈ Der (A(K a1,a2,...,am )), then d is in one of the forms given by (5) up to basis permutation. For the sake of illustration, let us take m = 2, and a 1 = a 2 = 3. Theorem 2.3 implies that if d ∈ Der (A(K 3,3 )), then d is in one of the following forms up to basis permutation:
for α, β ∈ R.
Proofs
Preliminary results.
Since we are dealing with graphs, let us provide another look for the conditions (2) and (3).
Proposition 3.1. Let G = (V, E) be a finite graph, with |V | ≥ 3, and let d ∈ Der (A(G)). Then d satisfies the following conditions:
Proof. In order to prove (i) consider i, j ∈ V , with i = j, such that N (i) ∩ N (j) = ∅, and let k ∈ N (i) ∩ N (j). Since k is a neighbor of both i and j we have a ik = a jk = 1. Therefore condition
Analogously, assume now that for some i, j ∈ V we have N (i) ∩ N (j) c = ∅, and let m ∈ N (i) ∩ N (j) c . This means that a im = 1 while a jm = 0. This implies, by (2) , that d ji = 0 and the proof of (ii) is completed. Item (iii) is a consequence of (ii) since
Finally, item (iv) may be obtained by observing in (3) that for any i ∈ V , a ik = 1 if, and only if k ∈ N (i).
In other words, condition (i) refers to pairs of vertices having at least one neighbor in common; (ii) is related to pairs of vertices for which one of them has a particular vertex as a neighbor and the other does not; (iii) is the case for which the pair of vertices do not have any neighbor in common; and (iv) gives an expression valid for any vertex of the graph. Thus Proposition 3.1 provides some conditions to be checked in order to look for the derivations of a given evolution algebra A(G). Moreover, these conditions depends on the topology of the graph G. The following result may be seen as a direct consequence of Proposition 3.1. 
Proof. Notice that (ii) is a direct consequence of (i). In order to prove (i), we consider Proposition 3.1(iv) for i, j ∈ V , with j ∈ N (i), i.e.
Since Eq. (10) holds for any j ∈ N (i), we have
which can be written as
Finally observe that the second term of the right side in Eq. (11) 
Proof. Let i ∈ V such that d ii = 0 and let j ∈ N (i). By applying Proposition 3.1(iv) we have that
where the last equality is by the hypothesis. On the other hand, since i ∈ N (j) we apply again Proposition 3.1(iv) and we obtain
Therefore (12) and (13) • Suppose that there exists j ∈ V \ {1, 2} such that d 2j = 0. Then we can conclude, as before, N (2) = N (j), and then T 1 ⊃ {1, 2, j}.
• Suppose d 2j = 0 for any j ∈ V \ {1, 2}, since 1 ∼ t 2 and |V | ≥ 3 then there exists j ∈ V \ {1, 2} such that j ∈ N (1). Without loss of generality we let j = 3. Now, observe that for any ℓ ∈ N (3) we have by Proposition 3.1(i),
In a similar way we obtain
Proposition 3.1(iv), applied for i = 3, j = 1, and i = 3, j = 2, implies respectively the following equations:
and
By (16) and (17), adding the expressions, we have 4d 33 = 2d 11 . The last conclusion is a consequence of (14), (15) 
This in turns implies 3d 11 = d 21 , and again from (16) we have 2d 33 = 4d 11 . Therefore, it should be d 11 = 0 which implies d 21 = 0. But this is a contradiction.
Lemma 3.6. Let G = (V, E) be a finite graph, with |V | ≥ 3, let T 1 ⊂ V be a twin class of G, and let d ∈ Der(A(G)). Then
Proof. First we shall prove (i). Consider i ∈ T 1 and k ∈ T c 1 . Now let us prove (ii) and (iii) together. Let T 1 = {1, . . . , m}, let i ∈ T 1 and let ℓ ∈ N (i). By Proposition 3.1(iv) we have
where the last equality is due to N (ℓ) ∩ T 1 = T 1 , together to the fact that k∈N (ℓ)∩T c 1 d ki vanishes by (i). So, in general we have for any i ∈ T 1 , and ℓ ∈ N (i):
and taking the sum over all i ∈ T 1 in Eq. (18) one get
The first equality of Eq. (19) is due to Proposition 3.1(i), while the second one is due to Corollary 3.2(ii). On the other hand, Corollary 3.2(i) and (19) 
Therefore we have 2d ℓℓ = d ii (see Eq. (19)) and
This completes the proof of (ii) and (iii).
Finally, we notice that (iv) is a direct consequence of Proposition 3.1(i).
3.2.
Proofs of the theorems. 1 . Now we have to check the values of d ij for i, j ∈ T 1 . We observe that d ii = 0 for any i ∈ T 1 thanks to Lemma 3.6(ii). On the other hand, d ij = −d ji for i, j ∈ T 1 by Lemma 3.6(iv). Hence, we obtain
T , where U 1 (d) is the a 1 -dimensional matrix with elements (u ij ) satisfaying (6) and (7) . The latest condition is a consequence of Proposition 3.1(iv). Summarizing, part of the representation matrix of d has been obtained by observing the vertices in T 1 , see Fig. 3 .1 for an illustration of the first step of this procedure. It is not difficult to see that the same procedure can be applied to the second twin class T 2 of Γ 3 (G). This in turns, allows us to discover the expression of a second part of the matrix of d, see The final step is to prove that the remaining block of the matrix representation of d, which is formed by those d ij such that i, j ∈ T c , is formed by zeros. By assuming |T | ≤ n − 3 (the other cases will be considered later) we have that the remaining block is a square matrix with size of at least 3. Notice that the existence of a pair of vertices i, j ∈ T c , with i = j, such that d ij = 0, implies by Lemma 3.5 the existence of another twin class with at least three vertices, but this is a contradiction by our construction. Therefore we have d ij = 0 for any i, j ∈ T c , with i = j. Now, let us discover the values of d ii whether i ∈ T c . Since we are considering a connected graph, we known that some vertices in T c belongs to N (T ). So by Lemma 3.6(iii) it holds d ii = 0 provided i ∈ N (T ). We shall see that the same result can be extended to any vertex ℓ such that ℓ ∈ N (i) ∩ T c , for some i ∈ N (T ). Indeed, for the considered vertices we have d ii = 0 because of
. . . Once d ij is found for any i, j such that i ∈ T or j ∈ T the remaining matrix to be discovered is formed by those d ij such that i, j ∈ T c (right side).
the previous argument, and we have
where the first equality comes from Proposition 3.1(iv) (note that ℓ and i are neighbors), and the second one is due to be d ki = 0 whether k = i. This means that d ℓℓ = 0. This argument can be extended to any vertex of T c . This is because since we are dealing with a connected graph, for any vertex of T c there existe a path of vertices connecting it with a vertex in T . Thus d ii = 0 for i ∈ T c and the remaining block in our procedure is formed by zeros. In order to finish the proof we have to prove that the remaining block, see Fig. 3 .2(right side), is formed by zeros also in the case of |T | ∈ {n − 1, n − 2}. If |T | = n − 1, then |T c | = 1 and the only vertex of T c , labeled by n according to our labels for T , must be a neighbor of some vertex in T . This in turns implies d nn = 0 by Lemma 3.6(iii) and the proof is complete. On the other hand, assume |T | = n − 2, which implies T c = {n − 1, n}. The same arguments than before allow us to conclude d (n−1)(n−1) = d nn = 0. Furthermore, a suitable application of Proposition 3.1(iv) lead us to d (n−1)n = d n(n−1) = 0, so the proof is complete.
